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Abstract
We study finite transitive permutation groups G 6 Sym(Ω) such that all orbits
of the conjugation action on G of the normaliser of G in Sym(Ω) have size bounded
by some constant. Our results extend recent results, due to the first author, on finite
abstract groups G such that all orbits of the natural action of the automorphism
group Aut(G) on G have size bounded by some constant.
1 Introduction and main results
One of the fundamental concepts in the study of structures (i.e., sets endowed with
additional structure in the form of operations and relations) is that of an auto-
morphism, the formalisation of the intuitive notion of a “symmetry”. A significant
portion of research across various disciplines is concerned with studying “highly sym-
metrical” structures X, a condition usually expressed in terms of certain transitivity
assumptions on natural actions of the automorphism group Aut(X). For example,
the well-studied notions of vertex-transitive graphs [3, Definition 4.2.2, p. 85], block-
or flag-transitive designs [8, 9, 16] and finite flag-transitive projective planes [29] fall
into this general framework.
In the special case where X is a group G, the situation is more complicated, as
the most straightforward transitivity assumption, that Aut(G) shall act transitively
on G, is only satisfied by the trivial group. Hence, in order to obtain an interesting
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theory, weaker conditions have been studied by various authors. As examples, we
mention
• the papers [1, 11, 21, 28] by various authors on finite groups G such that Aut(G)
has “few” orbits on G (and the recent paper [2] studying such a condition for
infinite groups),
• the first author’s paper [4] dealing with finite groups G such that Aut(G) has
at least one “large” orbit on G, and
• Zhang’s paper [30] investigating finite groups G where all elements of the same
order are conjugate under Aut(G) (which were later discovered to have a con-
nection with the celebrated CI-problem from algebraic graph theory, see [23,
Introduction]).
In his recent paper [5], the first author studied finite groups that are at the opposite
end of the spectrum, i.e., they are “highly unsymmetrical”. Formally, the paper
[5] is concerned with finite groups G such that all orbits of Aut(G) on G have size
bounded by a constant. It should be noted that Robinson and Wiegold already
studied such conditions for general groups in their 1984 paper [25], obtaining inter alia
a nice general structural characterisation [25, Theorem 1] in the spirit of Neumann’s
celebrated characterisation of BFC-groups [24, Theorem 3.1]. However, the methods
and results from [5] are tailored to the finite case, where more specific statements
can be made.
There are many instances where the full automorphism group Aut(G) is not
“accessible”. One notable case is where G 6 Sym(Ω) is a permutation group. Here
it is natural to only view those automorphisms of G that arise from conjugation
by an element from the normaliser of G in Sym(Ω). Formally, let us denote by
Autperm(G) the image of the conjugation action NSym(Ω)(G) → Aut(G). It is then
natural to ask which results about Aut(G) can be extended to Autperm(G). This
group of automorphisms has been previously considered as a means for computing
the normaliser of G in Sym(Ω) [18].
The goal of this paper is to extend the main results of [5] to Autperm(G). By a clas-
sical idea, dating back to Cayley, abstract groups are in a bijective correspondence
with regular permutation groups via their (right) multiplication actions on them-
selves. Moreover, if G is a regular permutation group, then Autperm(G) = Aut(G)
(see Lemma 2.2.3 below), and so the statements of [5, Theorem 1.1] may equiv-
alently be viewed as results on finite regular permutation groups G such that all
Autperm(G)-orbits on G have size bounded by a constant. In this paper, we will
extend [5, Theorem 1.1] from finite regular to finite transitive permutation groups.
Our main results are as follows:
Theorem 1.1. Let G 6 Sym(Ω) be a finite transitive permutation group.
(1) The following are equivalent:
(a) All Autperm(G)-orbits on G are of length at most 3.
(b) Up to isomorphism of permutation groups, G is one of the following:
• Z/mZ for some m ∈ {1, 2, 3, 4, 6}, (Z/2Z)2 or Sym(3), each in its
regular action on itself.
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• D2n 6 Sym(n), the symmetry group of a regular n-gon, for some n ∈
{3, 4, 6}.
(2) The order of G cannot be bounded under the assumption that the maximum
Autperm(G)-orbit length on G is 4.
(3) Let c be a positive and d a non-negative integer. Assume that G is d-generated
and that all Autperm(G)-orbits on G are of length at most c. Then |G| 6 f(d, c
d),
where f is as in Notation 1.2 below.
(4) If all Autperm(G)-orbits on G are of length at most 23, then G is soluble.
Notation 1.2. We denote by f the function N× N+ → N+ mapping
(d, n) 7→ 16(n+1)d · n2n
3d2(5+d+4n3 log2 n)+2n
3+4nd+4d.
The combination of statements (1) and (2) of Theorem 1.1 is particularly inter-
esting when compared to their counterparts in [5, Theorem 1.1]: At the moment, for
finite abstract groups G, it is unknown what is the precise value of the maximum
integer c such that there are only finitely many G with all Aut(G)-orbits of length
at most c (we only know that c ∈ {3, 4, 5, 6, 7}). We also note that 23 in part (4)
is sharp as G = Alt(5) in its usual action on five points has an Autperm(G)-orbit of
length 24.
We note that the proof of Theorem 1.1(3) uses a different, much simpler main
idea than the one of [5, Theorem 1.1(3)]: Under the assumptions of Theorem 1.1(3),
one has that |Autperm(G)| 6 c
d, which implies the asserted upper bound on |G| by a
partial generalisation of a classical theorem of Ledermann and Neumann, [22, Theo-
rem 6.6], from abstract to transitive permutation groups, see Lemma 5.2. The same
idea works in the case of abstract groups, where a direct application of [22, Theorem
6.6] yields the following simpler and stronger bound compared to [5, Theorem 1.1(3)]:
Theorem 1.3. Let G be a finite abstract group. Assume that G is d-generated and
that all Aut(G)-orbits on G are of length at most c. Then
|G| 6 cd·c
d·(1+⌊d log2 c⌋) + 1.
Unfortunately, as we will explain in Section 5, it seems that Ledermann and
Neumann’s proof of [22, Theorem 6.6] cannot be adapted to transitive permutation
groups, requiring us to use Sambale’s recent proof from [27] instead. Sambale’s proof
is conceptually simpler than Ledermann and Neumann’s argument, but it produces
worse explicit bounds, which explains the stark contrast between the bounds in The-
orems 1.1(3) and 1.3.
2 Preliminaries
2.1 Notation and terminology
We denote by N the set of natural numbers (including 0) and by N+ the set of positive
integers. The symbol φ denotes Euler’s totient function.
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As in [5], for a finite abstract group G, we denote by maol(G) the maximum
length of an orbit of the natural action of the automorphism group Aut(G) on G.
On the other hand, if G 6 Sym(Ω) is a permutation group, then as in Section 1,
we denote by Autperm(G) the group of all automorphisms of G that are induced
through conjugation by some element from the normaliser NSym(Ω)(G), and if G is
finite, we denote by maolperm(G) the maximum length of an orbit of the natural
action of Autperm(G) on G. Note that we may also view G as an abstract group, so
that the notation Aut(G) is well-defined (as is maol(G) if G is finite), and we have
Autperm(G) 6 Aut(G), as well as maolperm(G) 6 maol(G) if G is finite.
If G is an abstract group, we denote by Greg 6 Sym(G) the image of the
(right-)regular permutation representation of G on itself. The minimum number
of generators of a finitely generated group G will be denoted by d(G) and called the
rank of G. The exponent (least common multiple of the element orders) of a finite
group G will be denoted by Exp(G). The soluble radical (largest soluble normal
subgroup) of a finite group G will be denoted by Rad(G), and the centre of G by ζG.
2.2 Some basic results
In this subsection, we collect some auxiliary results (most if not all of which are
well-known) that will be used in the proofs of the main results. The following three
lemmas deal with transitive permutation groups. We include the first without proof.
Lemma 2.2.1. Let G be a transitive permutation group, and let S be a point stabiliser
in G. The following hold:
(1) S is core-free in G, i.e., S does not contain any nontrivial normal subgroup of
G.
(2) If G is abelian, then G is regular.
Lemma 2.2.2. Let G be a transitive permutation group, and let α ∈ Aut(G). The
following are equivalent:
(1) α ∈ Autperm(G).
(2) For some (equivalently, any) point stabiliser S in G, we have that Sα is also a
point stabiliser in G.
Proof. See [12, Theorem 4.2B, p. 110].
Lemma 2.2.3. Let G be a regular permutation group. Then Autperm(G) = Aut(G).
In particular, if G is finite, then maolperm(G) = maol(G).
Proof. This is immediate by Lemma 2.2.2.
The next two lemmas are concerned with finite abelian groups:
Lemma 2.2.4. Let A be a finite abelian group, and let B be a proper subgroup of A.
The following are equivalent:
(1) The centraliser of B in Aut(A) is trivial.
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(2) |B| is odd, and |A| = 2|B| (or, equivalently, A = B × Z/2Z).
Proof. The implication “(2)⇒(1)” is clear by the fact that Aut(Z/2Z) is trivial, so
we focus on the proof of “(1)⇒(2)”, for which we will first show the following claim:
“If G is a finite abelian p-group for some prime p, and H is a proper subgroup of G,
then CAut(G)(H) is trivial if and only if |G| = 2 and |H| = 1.”
In order to prove the claim, note first that it is clear if H is trivial, as Z/2Z is the
only nontrivial (finite) group with trivial automorphism group. We may thus assume
that H is nontrivial, and under this assumption, we need to show that CAut(G)(H) 6=
{idG}. For this, we may and will assume w.l.o.g. that H is of index p in G. Fix
elements g ∈ G \H and h0 ∈ H with ord(h0) = p. Then every element of G has a
unique representation as ig + h for some i ∈ {0, 1, . . . , p − 1} and some h ∈ H. We
define a function α : G → G via (ig + h)α := ig + ih0 + h. It is easy to check that
this function is a nontrivial element of CAut(G)(H), which concludes the proof of the
claim.
Now that the claim has been proved, we will show the contraposition of “(1)⇒(2)”:
Assume that |B| is even or |A| > 2|B|; we need to show that CAut(A)(B) is non-
trivial. For each prime p, denote by Ap and Bp, the Sylow p-subgroups of A
and B respectively. Note that by Sylow’s Theorems, for all primes p we have
Bp < Ap. If p > 2, then by the claim, CAut(Ap)(Bp) is nontrivial, whence CAut(A)(B)
is nontrivial, as required. We may thus assume that Bp = Ap for all p > 2 and
B2 < A2. Then under either of the assumptions “|B| is even” or “|A| > 2|B|”, we
find that (|A2|, |B2|) 6= (2, 1), whence CAut(A2)(B2) is nontrivial by the claim, and
thus CAut(A)(B) is nontrivial, as required.
For the second lemma on finite abelian groups, we require a simple definition:
Definition 2.2.5. Let p be a prime, and let A = Z/pe1Z × · · · × Z/perZ with
e1 > e2 > · · · > er > 1 be a finite abelian p-group of rank r. A basis of A is an r-tuple
(a1, . . . , ar) ∈ A
r such that ord(ai) = p
ei for i = 1, . . . , r and A = 〈a1〉 × · · · × 〈ar〉.
Lemma 2.2.6. Let p be a prime, and let A = Z/pe1Z× · · · ×Z/perZ with e1 > e2 >
· · · > er > 1 be a finite abelian p-group of rank r. Moreover, let B be an elementary
abelian subgroup of A of rank s. Then there is a basis (a1, . . . , ar) of A as well as
indices 1 6 i1 < i2 < · · · < is 6 r such that (p
ei1−1ai1 , p
ei2−1ai2 , . . . , p
eis−1ais) is a
basis of B.
Proof. We proceed by induction on s. The induction base, s = 0, is vacuously
true. Assume thus that s > 1 and that the assertion is true for elementary abelian
subgroups of rank at most s− 1. Fix a nontrivial element b ∈ B. By [27, Lemma 5],
there are subgroups A1, A2 6 A such that b ∈ A1, A1 is cyclic, and A = A1×A2. Fix
a direct complement B2 of B1 := 〈b〉 in B. Through subtracting suitable multiples of
a from the entries of any given basis of B2, we may assume without loss of generality
that B2 6 A2. The assertion now follows through applying the induction hypothesis
to B2 and A2.
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Remark 2.2.7. Consider the following assertion, which generalises the statement of
Lemma 2.2.6:
“For every prime p, every finite abelian p-group A and every subgroup B of A,
there are bases ~b and ~a of B and A respectively such that for each entry b of ~b, some
entry of ~a is a root of b.”
This assertion is not true. For example, for an arbitrary prime p, consider A =
Z/p3Z × Z/pZ, with basis (a1, a2), and set b := pa1 + a2 and B := 〈b〉 ∼= Z/p
2
Z.
Then if the above assertion was true, the generator b of B would need to have a p-th
root in A, which it does not.
Finally, as in [5], we will be using the concept of a “central automorphism”
at several points in our arguments, and we briefly state the most important facts
concerning this concept (which are well-known and easy to check). For each group G
and each group homomorphism f : G → ζG, the function αf : G → G, g 7→ g · f(g),
is an endomorphism of G called the central endomorphism of G associated with f .
The kernel of αf consists of those g ∈ ζG such that f(g) = g
−1. In particular, if G
is finite, then αf is an automorphism of G if and only if the only element of ζG that
is inverted by f is 1G. Such automorphisms are called central automorphisms, and
they form a subgroup of Aut(G) denoted by Autcent(G).
3 Proof of Theorem 1.1(1)
We split the proof of Theorem 1.1(1) into the three cases maolperm(G) = 1, 2, 3, each
dealt with in one of the following three subsections.
3.1 Finite transitive permutation groups with maximum
normaliser orbit length 1
The following is a simple consequence of known results:
Proposition 3.1.1. Let G be a finite transitive permutation group. The following
are equivalent:
(1) maolperm(G) = 1.
(2) Up to permutation group isomorphism, G is one of (Z/mZ)reg for m ∈ {1, 2}.
Proof. The implication “(2)⇒(1)” is easy, so we focus on the implication “(1)⇒(2)”.
Since Inn(G) 6 Autperm(G), all conjugacy classes of G are of length 1, i.e., G is
abelian. Hence, by Lemma 2.2.1(2), G is regular, and by Lemma 2.2.3, maol(G) = 1.
The result now follows from [5, Proposition 3.1.1].
3.2 Finite transitive permutation groups with maximum
normaliser orbit length 2
In this subsection, we will prove the following result:
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Proposition 3.2.1. Let G 6 Sym(Ω) be a finite transitive permutation group. The
following are equivalent:
(1) maolperm(G) = 2.
(2) Up to permutation group isomorphism, G is one of the following:
• (Z/mZ)reg for some m ∈ {3, 4, 6}, or
• D8 6 Sym(4).
Proof. The implication “(2)⇒(1)” is easy, so we will be concerned with the impli-
cation “(1)⇒(2)”. If G is regular, then by Lemma 2.2.3 and [5, Proposition 3.2.4],
it follows that G ∼= (Z/mZ)reg for some m ∈ {3, 4, 6}. We will thus henceforth as-
sume that G is nonregular (hence nonabelian by Lemma 2.2.1(2)), and under this
assumption, we will show that G ∼= D8 6 Sym(4).
By assumption, all conjugacy classes of G are of length at most 2, and so the
exponent of Inn(G) is 2, whence Inn(G) is an elementary abelian 2-group. In partic-
ular, G is nilpotent of class 2, and all Sylow p-subgroups of G for p > 2 are abelian.
It follows that G = G2 × A where G2 is a nonabelian 2-group of class 2 and A is a
finite abelian group of odd order. Fix a point ω ∈ Ω, and consider the associated
point stabiliser Gω 6 G. Since Gω is core-free in G, we find that Gω ∩A = {1G}, or
equivalently (using the coprimality of |G2| and |A|), Gω 6 G2.
We claim that A is trivial. Assume otherwise. Then by [5, Proposition 3.1.1],
there is an a ∈ A such that |aAut(A)| > 2. Let g ∈ G2 \ζG2, and consider the element
h := ga ∈ G. Note that Aut(G) = Aut(G2)×Aut(A), and since Gω 6 G2, it follows
by Lemma 2.2.2 that Inn(G2)×Aut(A) 6 Autperm(G). Hence
|hAutperm(G)| > |hInn(G2)×Aut(A)| = |gG2 | · |aAut(A)| > 2 · 2 = 4 > 2,
a contradiction. Therefore, A is trivial, and so G = G2 is a nonabelian 2-group of
class 2.
Observing once more that Gω is core-free in G, we find that Gω ∩ ζG = {1G}. As
G/ζG = Inn(G) is (as noted above) an elementary abelian 2-group, it follows that
Gω is also an elementary abelian 2-group, embedded into G/ζG via the canonical
projection G → G/ζG. Note that |Gω| < |G/ζG|, since otherwise, G = Gω × ζG,
which is impossible, since Gω is both nontrivial and core-free in G.
We claim that ζG is cyclic. Assume otherwise. Then, fixing an embedding
(Z/2Z)2
ι
→֒ ζG and a projection (G/ζG)/(GωζG/ζG)
π
։ Z/2Z, we have four dis-
tinct group homomorphisms
f : G
can.
։ G/ζG
can.
։ (G/ζG)/(GωζG/ζG)
π
։ Z/2Z →֒ (Z/2Z)2
ι
→֒ ζG.
These homomorphisms f satisfy ζG 6 ker(f), the associated central automorphisms
αf centralise Gω (in particular, αf ∈ Autperm(G) by Lemma 2.2.2) and a suitable
element of G has four distinct images under those automorphisms αf . It follows that
maolperm(G) > 4 > 2, a contradiction. This concludes the proof that ζG is cyclic.
Note that G′ 6 ζG is also cyclic. But since G/ζG has exponent 2, it follows that
for all x, y ∈ G,
1G = [x
2, y] = [x, y]x[x, y] = [x, y]2,
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whence G′ ∼= Z/2Z. Next, we claim that G/G′ is an elementary abelian 2-group.
Assume otherwise. Then |ζG| > 4 (otherwise, G is extraspecial). Denote the image
of Gω under the canonical projection G → G/G
′ by P . Since P is elementary
abelian, we may apply Lemma 2.2.6 to find a basis ~b = (b1, . . . , bn) of G/G
′ such that
a suitable subsequence of ~b “powers up” to a basis of P . Now, the first basis entry b1
has order 2k for some k > 2, and using the facts that G′ 6 ζG, that Gω ∩ ζG = {1G}
and that every square in G lies in ζG, we conclude that b2
k−1
1 /∈ P . It follows that
P 6 〈b2, . . . , bn〉, whence we may fix a projection π1 : G/(GωG
′)։ Z/2kZ. We also
fix a projection π2 : Z/2
k
Z ։ Z/4Z. Through composition, we obtain four distinct
group homomorphisms
f : G
can.
։ G/(GωG
′)
π1
։ Z/2kZ
π2
։ Z/4Z→ ζG,
each of which has the property that 1G is the only element of ζG that is inverted by
f . Hence we have four distinct associated central automorphisms αf ∈ Autperm(G),
and a suitable element of G has four distinct images under these automorphisms,
whence maolperm(G) > 4 > 2, a contradiction. This concludes the proof that G/G
′
is elementary abelian.
Now, setting d := log2 |G/G
′| and t := log2 |Gω|, we define a standard tuple in G
as a tuple (g1, . . . , gd) ∈ G
d such that
• (g1, . . . , gt) is a basis of Gω, and
• the entry-wise image of (g1, . . . , gd) under the canonical projection G → G/G
′
is a basis of G/G′.
If ~g = (g1, . . . , gd) ∈ G
d is a standard tuple in G, then the power-commutator tuple
associated with ~g is the (d+
(d
2
)
)-tuple
(g21 , g
2
2 , . . . , g
2
d, [g1, g2], [g1, g3], . . . , [g1, gd], [g2, g3], [g2, g4], . . . , [g2, gd], . . . , [gd−1, gd])
with entries in G′. Two standard tuples in G are called equivalent if and only if they
have the same power-commutator tuple.
As in [5, proof of Proposition 3.2.4], two standard tuples in G are conjugate under
the component-wise action of Aut(G) if and only if they are equivalent. However, the
above definition of “standard tuple” differs from the one in [5, proof of Proposition
3.2.4], and it was chosen in such a way that any automorphism α of G which maps any
given standard tuple in G to any other given standard tuple in G has the property
that Gαω = Gω, whence α ∈ Autperm(G) by Lemma 2.2.2. It follows that each
equivalence class of standard tuples in G is contained in an Autperm(G)-orbit on G
d.
Considering that the number of equivalence classes of standard tuples in G is at most
2d+(
d
2) (this uses that |G′| = 2) and that the number of standard tuples in G is at
least
t−1∏
i=0
(2t − 2i) ·
d−1∏
j=t
(2d − 2j) · 2d−t = 2d+(
d
2)−t ·
t∏
i=1
(2i − 1) ·
d−1∏
j=1
(2j − 1),
8
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it follows that there is an equivalence class of standard tuples in G (and thus an
Autperm(G)-orbit on G
d) of size at least
2d+(
d
2)−t ·
∏t
i=1 (2
i − 1) ·
∏d−t
j=1 (2
j − 1)
2d+(
d
2)
=
∏t
i=1 (2
i − 1) ·
∏d−t
j=1 (2
j − 1)
2t
=
(1−
1
2t
) · 2(
t
2) ·
t−1∏
i=1
(1−
1
2i
) · 2(
d−t+1
2 ) ·
d−t∏
j=1
(1−
1
2j
) >
1
2
· 2(
t
2)+(
d−t+1
2 ) · (
∞∏
i=1
(1−
1
2i
))2
>
1
2
· 2
d
4
·(d
2
−1) · 0.282 = 0.0392 · 2
d2
8
− d
4 ,
where the first inequality uses that t > 1 (since G is nonregular), and the second
inequality uses that
min{
(
t
2
)
,
(
d− t+ 1
2
)
} >
d
4
· (
d
2
− 1).
However, since all Autperm(G)-orbits on G are of length at most 2, it follows that the
length of an Autperm(G)-orbit on G
d cannot exceed 2d. Therefore,
2d > 0.0392 · 2
d2
8
− d
4 ,
which implies that d 6 12. Moreover, for d = 2, 3, . . . , 12 and t ∈ {1, 2, . . . , d − 1},
one can check that
(1−
1
2t
) · 2(
t
2) ·
t−1∏
i=1
(1−
1
2i
) · 2(
d−t+1
2 ) ·
d−t∏
j=1
(1−
1
2j
) > 2d
unless
(d, t) ∈ {(2, 1), (3, 1), (3, 2), (4, 1), (4, 2), (4, 3), (5, 2), (5, 3), (5, 4), (6, 3), (6, 4)},
so these are the only possibilities for (d, t). In particular, the degree ofG, which equals
2d−t+1, is at most 16. To conclude this proof, we will make use of the library of finite
transitive permutation groups of small degree in GAP [14], which was implemented
by Hulpke [19], goes up to degree 32 and is based on the papers [6, 7, 10, 17, 26]
as well as an unpublished classification, due to Sims, of the primitive permutation
groups up to degree 50 (to cover the transitive groups of degree 31); see also [15] for
the latest record concerning the classification of transitive groups of small degree,
which goes up to degree 48. In any case, this classification allows us to conclude that
the only transitive permutation group G of degree at most 16 such that
• G is a nonabelian 2-group of class 2,
• ζG is cyclic,
• G/G′ is elementary abelian, and
• maolperm(G) = 2
is D8 6 Sym(4).
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3.3 Finite transitive permutation groups with maximum
normaliser orbit length 3
In this subsection, we will be concerned with the proof of the following part of
Theorem 1.1(1):
Proposition 3.3.1. Let G 6 Sym(Ω) be a finite transitive permutation group. The
following are equivalent:
(1) maolperm(G) = 3.
(2) Up to permutation group isomorphism, G is one of the following:
• ((Z/2Z)2)reg, Sym(3)reg, or
• D2n 6 Sym(n) for some n ∈ {3, 6}.
We will first show two auxiliary results, which are extensions of [5, Lemmas
3.3.1(2) and 3.3.2].
Lemma 3.3.2. Let G 6 Sym(Ω) be a finite, transitive, nonregular permutation group
such that maolperm(G) = 3. Then the following hold:
(1) The set of element orders of Autperm(G) is contained in {1, 2, 3}.
(2) G is a {2, 3}-group.
Proof. For (1): As in [5, proof of Lemma 3.3.1(2,a)], for all α ∈ Autperm(G), one has
that G = CG(α
2) ∪ CG(α
3), and thus G = CG(α
2) or G = CG(α
3), as G is not the
union of two proper subgroups.
For (2): As in [5, proof of Lemma 3.3.1(2,b)], one can show that G = G{2,3} ×
G{2,3}′ , whereG{2,3} is the unique Hall-{2, 3}-subgroup ofG, andG{2,3}′ is the unique,
central Hall-{2, 3}′-subgroup of G. Fix a point ω ∈ Ω, and consider the point sta-
biliser Gω 6 G. Since Gω is core-free in G, it follows that Gω ∩ G{2,3}′ = {1G},
and thus Gω 6 G{2,3}, whence Inn(G{2,3}) × Aut(G{2,3}′) embeds naturally into
Autperm(G) by Lemma 2.2.2. Hence, if |G{2,3}′ | > 1, then it follows by [5, Lemma
3.1(2)] that maolperm(G) > 4 > 3, a contradiction.
Lemma 3.3.3. Let G 6 Sym(Ω) be a finite, transitive, nonregular permutation group
such that maolperm(G) = 3. Then the set of element orders of Inn(G) is exactly
{1, 2, 3}.
Proof. Assume otherwise. By Lemma 2.2.1(2), G is nonabelian, and so by Lemma
3.3.2, Exp(Inn(G)) ∈ {2, 3}; in any case, Inn(G), and thus G itself, is nilpotent. By
Lemma 3.3.2(2), we can write G = G2 × G3 where Gp denotes the unique Sylow
p-subgroup of G for p ∈ {2, 3}. Fix a point ω ∈ Ω and consider the point stabiliser
Gω 6 G. We make a case distinction:
(1) Case: Exp(Inn(G)) = 2. ThenG2 is nonabelian and G3 is abelian (and thus cen-
tral in G). Since Gω is core-free in G, it follows that Gω ∩G3 = {1G}, and thus
Gω 6 G2. Therefore, Inn(G2) × Aut(G3) embeds naturally into Autperm(G),
and so if |G3| > 1, we could conclude that maolperm(G) > 2 · 2 = 4 > 3, a
10
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contradiction. Consequently, G3 is trivial, and so G = G2 is a nonabelian 2-
group with maolperm(G) = 3. An argument analogous to the one in [5, proof of
Lemma 3.3.2, Case (1)] yields the final contradiction for this case.
(2) Case: Exp(Inn(G)) = 3. Then G2 is abelian (hence central in G), whereas G3
is nonabelian. We have Gω 6 G3, and so, viewing H := G3 as a permuta-
tion group via the inclusions H 6 G 6 Sym(Ω), we find that Hω = Gω and
maolperm(H) = 3. As in [5, proof of Lemma 3.3.2, Case (2)], we conclude that
Inn(H) is abelian, i.e., that the nilpotency class of H is 2. Moreover, in view of
Exp(Inn(H)) = 3, we conclude that Inn(H) is an elementary abelian 3-group.
One can now show the following facts, in the listed order and analogously to
the proof of Proposition 3.2.1:
• Hω is an elementary abelian 3-group, embedded into H/ζH ∼= Inn(H) via
the canonical projection H → H/ζH.
• |Hω| < |H/ζH|.
• ζH is cyclic.
• |H ′| = 3.
• H/H ′ is an elementary abelian 3-group.
We can use these restrictions on H to carry out an analogue of the “standard
tuples” argument from the proof of Proposition 3.2.1 (only needing to replace
the prime 2 by 3), which allows us to conclude that with d := log3 |H/H
′| and
t := log3 |Hω|, we have
(1−
1
3t
) · 3(
t
2)+(
d−t+1
2 ) ·
t−1∏
i=1
(1−
1
3i
) ·
d−t∏
j=1
(1−
1
3j
) 6 3d, (1)
in particular
3d >
2
3
· 3
d
4
(d
2
−1) · (
∞∏
i=1
(1−
1
3i
))2 >
2
3
· 3
d2
8
− d
4 · 0.562,
which only holds for d 6 11. Moreover, among all pairs (d, t) with d ∈
{2, 3, . . . , 11} and t ∈ {1, 2, . . . , d − 1}, the stronger inequality from Formula
(1) only holds for
(d, t) ∈ {(2, 1), (3, 1), (3, 2), (4, 2), (4, 3)},
so that deg(H) = 3d−t+1 6 33 = 27. However, according to the library of finite
transitive permutation groups of small degree [14, 19], there are no transitive
permutation groups H of degree at most 27 such that
• H is a nonabelian 3-group of class 2,
• ζH is cyclic,
• H/H ′ is elementary abelian, and
• maolperm(H) = 3,
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a contradiction to the case assumption.
We are now ready to prove Proposition 3.3.1.
Proof of Proposition 3.3.1. The implication “(2)⇒(1)” is easy, so we focus on the
proof of “(1)⇒(2)”. The regular case is dealt with in [5, Proposition 3.3.3], so we
assume that G is nonregular. By Lemma 3.3.3, the set of element orders of Inn(G)
is {1, 2, 3}, and as in [5, proof of Proposition 3.3.3], this allows us to conclude that
Inn(G) ∼= Sym(3). Fix a point ω ∈ Ω, and consider the point stabiliser Gω 6 G.
Since Inn(G) ∼= G/ζG and Gω∩ζG = {1G}, we find that Gω is embedded into Sym(3)
via the canonical projection G→ G/ζG. We make a case distinction:
(1) Case: Gω ∼= Sym(3). Then G = Gω × ζG, which is impossible, since Gω is
core-free in G.
(2) Case: Gω ∼= Z/3Z. We claim that ζG is a 3-group. Indeed, assuming that 2
divides |ζG|, there is a group homomorphism chain of the form
f : G
can.
։ G/ζG
∼
→ Sym(3)։ Z/2Z →֒ ζG.
The corresponding central automorphism αf of G lies in Autperm(G) and maps
any fixed element g ∈ G that projects onto an order 2 element in Sym(3) to a
different element in the same central coset. Therefore and since the image of g
in G/ζG has conjugacy class length 3, it follows that maolperm(G) > 2 · 3 > 3,
a contradiction. This concludes the proof that ζG is a 3-group, and as in [5,
proof of Proposition 3.3.3], we can infer from this that G = ζG× Sym(3).
We next claim that |ζG| 6 3. Assume otherwise. With respect to a fixed direct
decomposition of G of the form ζG × Sym(3), denote by P the projection of
Gω to ζG. Note that |P | = 3, because if P is trivial, then Gω is normal and
hence not core-free in G. Moreover, denoting by τ a fixed element of order 2
in Sym(3), observe that StabAut(ζG)(P ) embeds naturally into Autperm(G), via
the injective group homomorphism
α 7→
{
((z, σ) 7→ (zα, σ)), if α ∈ CAut(ζG)(P ),
((z, σ) 7→ (zα, στ )), otherwise
for all α ∈ StabAut(ζG)(P ), z ∈ ζG, σ ∈ Sym(3).
Therefore, maolperm(G) is at least the maximum orbit length of StabAut(ζG)(P )
on ζG, which we will show to be strictly larger than 3 in the following subcase
distinction:
(a) Subcase: ζG is cyclic. Then P is characteristic in ζG, so StabAut(ζG)(P ) =
Aut(ζG). Therefore, writing |ζG| = 3k (with k > 2), we conclude that the
maximum orbit length of StabAut(ζG)(P ) on ζG is φ(3
k) = 3k−1 ·2 > 6 > 3.
(b) Subcase: ζG is not cyclic. By Lemma 2.2.6, there is a basis (z1, . . . , zr)
of ζG and an i ∈ {1, . . . , r} such that P 6 〈zi〉. Therefore, if ord(zj) =
3k > 3 for some j ∈ {1, . . . , r}, then StabAut(ζG)(P ) has an orbit of length
12
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φ(3k) = 3k−1 ·2 > 6 > 3, a contradiction. Hence ζG ∼= (Z/3Z)r, so that the
maximum orbit length of StabAutζG(P ) on ζG is 3
r − 3 > 6 > 3, another
contradiction.
This concludes the proof that |ζG| 6 3. However, note that if |ζG| = 1,
then Gω is normal and thus not core-free in G. It follows that G is of order
18 and of degree 6, and by the library of finite transitive permutation groups
of small degree [14, 19], there are no transitive permutation groups with this
combination of order and degree and with maximum normaliser orbit length 3,
a contradiction.
(3) Case: Gω ∼= Z/2Z. In what follows, for a finite group H and a prime p, if H
has a unique Sylow p-subgroup, we denote that subgroup by Hp. Let A 6 G
be the preimage of the unique index 2 subgroup of Sym(3) under the canonical
projection G→ G/ζG ∼= Sym(3). Then A is an abelian subgroup of index 2 in
G, and we have G = A⋊Gω as well as
A = (ζG)2 ×G3 = (ζG)2 × (ζG)3 × Z/3Z = ζG× Z/3Z;
to see that G3 = (ζG)3 × Z/3Z, follow the argument in [5, proof of Proposi-
tion 3.3.3]. Consequently, every automorphism of ζG extends to an element
of Autperm(G), whence 3 > maolperm(G) > maol(ζG), which in view of [5,
Theorem 1.1(1)] implies that |ζG| ∈ {1, 2, 3, 4, 6}. It follows that
(deg(G), |G|) ∈ {(3, 6), (6, 12), (9, 18), (12, 24), (18, 36)}.
We conclude this proof by noting that according to the library of finite transitive
permutation groups of small degree [14, 19], the only nonregular finite transitive
permutation groups having one of these degree-size combinations as well as
maximum normaliser orbit length 3 are the groups D2n 6 Sym(n) for n ∈
{3, 6}.
4 Proof of Theorem 1.1(2)
This is easy modulo the work from [5, Section 4]. As in [5, Definition 4.1], denote by
Gn the finite 2-group given by the following (power-commutator) presentation:
〈x1, . . . , x2n+1, a, b | [a, b] = [xi, a] = [xi, b] = 1, [x2i−1, x2i] = a, [x2i, x2i+1] = b,
[xi, xj ] = 1 if |i− j| > 1, x
2
1 = x
2
2n+1 = b,
a2 = b2 = x2i = 1 if 1 < i < 2
n + 1〉.
We note the following known facts about the group Gn:
(1) The order of Gn is 2
2n+3, see [5, Remark 4.2(1)].
(2) The centre of Gn is 〈a, b〉 and is of order 4, see [5, Remark 4.2(1)].
(3) The group Autcent(Gn) of central automorphisms of Gn acts transitively on
each nontrivial coset of ζGn in Gn, see [5, beginning of the proof of Proposition
4.3].
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(4) Aut(Gn) = Autcent(Gn)∪Autcent(Gn)αn, where αn is the automorphism of Gn
given by a 7→ a, b 7→ b, xi 7→ xi for i 6= 2
n and x2n 7→ x2nx2n+1, see [5, Remark
4.2(3) and Proposition 4.3].
Now, consider the subgroup Hn := 〈x2n〉 ∼= Z/2Z of Gn, and view Gn as a transitive
permutation group via its action by right multiplication on the right cosets of Hn.
Observe that
HGnn = {Hn, 〈x2na〉, 〈x2nb〉, 〈x2nab〉} = H
Autcent(Gn)
n .
Therefore, using Lemma 2.2.2 and fact (4) above, we find that Autperm(Gn) =
Autcent(Gn). In view of this and facts (2) and (3) from above, we conclude that
maolperm(Gn) = 4. Since this holds for all n ∈ N
+, the statement of Theorem 1.1(2)
now follows from fact (1).
5 Proof of Theorems 1.1(3) and 1.3
We start with the proof of Theorem 1.3, which is easy modulo the following slightly
weaker and reformulated version of Ledermann and Neumann’s result [22, Theorem
6.6]:
Lemma 5.1. Let G be a finite group, and assume that |Aut(G)| 6 n. Then |G| 6
nn(1+⌊log2 n⌋) + 1.
Proof. Otherwise, we have
|G| > nn(1+⌊log2 n⌋) + 2 > f(n+ 1),
where f is as in [22, Theorem 6.6]. Hence by [22, Theorem 6.6], we have |Aut(G)| >
n+ 1 = |Aut(G)|+ 1, a contradiction.
Proof of Theorem 1.3. Let ~g be an arbitrary but fixed generating d-tuple of G. Con-
sider the orbit O := ~gAut(G) of ~g under the (entry-wise) action of Aut(G). Combining
the facts that the action of Aut(G) on the set of generating d-tuples of G is semireg-
ular and that all orbits of Aut(G) on G are of length at most c, we find that
|Aut(G)| = |O| 6 cd.
The result now follows from Lemma 5.1, applied with n := cd.
Now we turn to the proof of Theorem 1.1(3). The meat of this proof lies in the
following lemma:
Lemma 5.2. Let G be a finite transitive permutation group. Then, recalling the
definition of the function f from Notation 1.2, we have
|G| 6 f(d(G), |Autperm(G)|).
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As mentioned at the end of Section 1, our proof of Lemma 5.2 is a modification
of the short and self-contained proof due to Sambale [27] that the order of an ab-
stract finite group G is bounded in terms of |Aut(G)|. In contrast to Ledermann and
Neumann’s proof of their explicit result [22, Theorem 6.6], Sambale’s argument first
focuses on the commutator subgroup G′ and the abelianisation G/G′ and only turns
to structural considerations concerning ζG at its end. Unfortunately, it seems un-
clear whether Ledermann and Neumann’s argument, which provides better explicit
bounds than Sambale’s proof, can be adapted to transitive permutation groups. Note
that the main idea of Ledermann and Neumann’s proof is to construct central auto-
morphisms of G by extending suitable automorphisms of ζG. More precisely, these
automorphisms of ζG must centralise X ∩ ζG where X is a subgroup of G mapping
onto G/ζG under the projection G → G/ζG, and X is chosen such that X ∩ ζG is
of bounded order. The additional condition that the constructed central automor-
phisms shall map the (core-free) point stabiliser Gω to a conjugate translates into
additional mapping conditions on their restrictions to ζG, which do not seem to be
well-controlled.
For our proof of Lemma 5.2, we will need the following concepts, which are from
[5, Definitions 5.6 and 5.8]:
Definition 5.3. Consider the following concepts.
(1) Let p be a prime, and let P be a finite abelian p-group. For n ∈ N+ with n >
d(P ), a length n standard generating tuple of P is an n-tuple (x1, . . . , xn) ∈ P
n
such that (x1, . . . , xd(P )) is a basis of P (in the sense of Definition 2.2.5) and
xi = 1P for i = d(P ) + 1, . . . , n.
(2) Let H be a finite abelian group. A standard generating tuple of H is a d(H)-
tuple ~h ∈ Hd(H) such that for each prime divisor p of |H|, the entry-wise
projection of ~h to the Sylow p-subgroup Hp of H is a standard generating tuple
of Hp.
(3) Let G be a finite group. A standard tuple in G is a d(G/G′)-tuple with entries
in G and whose entry-wise image under the canonical projection G → G/G′ is
a standard generating tuple of G/G′.
Definition 5.4. Let G be a finite group, let n := d(G/G′), and let ~g = (g1, . . . , gn)
be a standard tuple in G.
(1) The power-automorphism-commutator tuple associated with ~g is the (2n+
(n
2
)
)-
tuple
(π1, . . . , πn, α1, . . . , αn, γ1,1, γ1,2, . . . , γ1,n, γ2,3, γ2,4, . . . , γ2,n, . . . , γn−1,n)
with entries in G′ ∪Aut(G′) such that
• πi = g
ordG/G′ (giG
′)
i ∈ G
′ for i = 1, . . . , n,
• αi ∈ Aut(G
′) is the automorphism induced through conjugation by gi for
i = 1, . . . , n, and
• γi,j = [gi, gj ] ∈ G
′ for 1 6 i < j 6 n.
15
A. Bors and M. Giudici Small normaliser orbits
(2) Two standard tuples in G are called equivalent if and only if they have the same
associated power-automorphism-commutator tuple.
We note that if G is a finite group and ~g,~h are equivalent standard tuples in G,
then there is an α ∈ CAut(G)(G
′) such that ~h = (~g)α, see [5, Remark 5.9]. Another
concept that will appear in the proof of Lemma 5.2 is the following:
Definition 5.5. Let G be a group. A power map automorphism of G is an auto-
morphism of G of the form g 7→ ge for all g ∈ G and a fixed e ∈ Z. The power map
automorphisms of G form a subgroup of Aut(G) denoted by Autpow(G).
Note that this concept is distinct from the more general one of a power auto-
morphism of G, i.e., an automorphism of G that stabilises every subgroup of G.
Moreover, observe that if G is a finite abelian group, then since G has a cyclic direct
factor of order Exp(G), we have
Autpow(G) ∼= Autpow(Z/Exp(G)Z) = Aut(Z/Exp(G)Z).
Proof of Lemma 5.2. For notational simplicity, we will set d := d(G) ∈ N and n :=
|Autperm(G)| ∈ N
+. Moreover, we fix a point ω ∈ Ω and consider the associated
point stabiliser Gω 6 G. We proceed in several steps.
First, we note that
|G′| 6 n2n
3
, (2)
which is the conclusion of [27, Lemma 2]. Reading through the proof of [27, Lemma
2], we find that it only uses the assumption that | Inn(G)| 6 n, which also holds in
our case.
Next, we will show that each prime divisor p of |G| is at most n + 1. We follow
the proof of [27, Lemma 3]. If |G/ζG|p 6= 1, then p 6 n, since Inn(G) 6 Autperm(G).
Otherwise, |ζG|p = |G|p and G = (ζG)p × Q by [20, Theorem 3.3.1], where Q is a
p′-group. Since Gω is core-free in G, we have Gω ∩ (ζG)p = {1G}, and thus Gω 6 Q
by the coprimality of |(ζG)p| and |Q|. Hence every automorphism of (ζG)p extends
to an automorphism of G in Autperm(G), whence n > |Aut((ζG)p)| > p − 1, as
required.
Our next goal is to derive a certain upper bound on Exp(G/G′). Observe that
Exp(G/G′) =
∏
p Exp((G/G
′)p) where p ranges over the prime divisors of |G : G
′| and
(G/G′)p denotes the Sylow p-subgroup of G/G
′. Since the number of factors in this
product is at most n+1 by the previous paragraph, we find that for a suitable prime
divisor p of |G : G′|, we have Exp((G/G′)p) > Exp(G/G
′)1/(n+1). By the remark
preceding this proof and the structure of automorphism groups of cyclic groups, this
implies that Autpow(G/G
′) contains an element β of order at least
1
2
φ(Exp((G/G′)p)) >
1
4
Exp((G/G′)p)
1/2
>
1
4
Exp(G/G′)1/(2n+2);
for the lower bound on φ(Exp((G/G′)p)), see [13, Lemma 2.4]. Fix a standard gen-
erating tuple ~a of G/G′ and consider the orbit
O := (~a)〈β〉.
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Since the action of Aut(G/G′) on generating tuples is semiregular, we find that
|O| = ord(β) >
1
4
Exp(G/G′)1/(2n+2).
For each k = 0, 1, . . . , ord(β) − 1, fix a lift ~gk of (~a)
βk in G and collect those lifts in
a set
O′ := {~gk | k = 0, 1, . . . , ord(β) − 1}.
By definition, O′ is a set of standard tuples in G of size
|O′| = |O| = ord(β) >
1
4
Exp(G/G′)1/(2n+2).
By Formula (2) and since a finite group of order o has at most olog2 o automorphisms
(see e.g. [5, Lemma 5.5]), the number of equivalence classes of standard tuples in G
is at most
|G′|d · |Aut(G′)|d · |G′|(
d
2) 6 nn
3d(1+d+4n3 log2 n).
It follows that there is a nonempty subset O∗ ⊆ O
′ consisting of pairwise equivalent
standard tuples in G and such that
|O∗| >
Exp(G/G′)1/(2n+2)
4nn
3d(1+d+4n3 log2 n)
.
Fix ~g ∈ O∗, and denote by A the set of all α ∈ CAut(G)(G
′) such that ~gα ∈ O∗. Then
|A| = |O∗| >
Exp(G/G′)1/(2n+2)
4nn3d(1+d+4n3 log2 n)
,
and the automorphisms in A induce pairwise distinct automorphisms from 〈β〉 on
G/G′. We claim that there is an α ∈ A such that the automorphism α˜ of G/G′
induced by α satisfies
ord(α˜) > |O∗|
1/2
>
Exp(G/G′)1/(4n+4)
2n
1
2
n3d(1+d+4n3 log2 n)
.
Indeed, this is clear if |O∗| = 1 (where we may choose α = idG), so assume that
|O∗| > 1. If ord(α˜) < |O∗|
1/2 for all α ∈ A, then since the cyclic group 〈β〉 has at
most k elements of order k for each k ∈ N+, we find that
|O∗| > 1 + 2 + · · · + ⌊|O∗|
1/2⌋ > |A| = |O∗|,
a contradiction. We now know that there is an automorphism α ∈ Aut(G) with the
following properties:
• α centralises G′.
• The automorphism α˜ of G/G′ induced by α is a power map automorphism of
G/G′.
• ord(α) > ord(α˜) > Exp(G/G
′)1/(4n+4)
2n
1
2n
3d(1+d+4n3 log2 n)
.
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Note that α does not necessarily stabilise Gω. However, α˜, being a power map auto-
morphism of G/G′, stabilises the projection of Gω to G/G
′. Therefore, each image of
Gω under an iterate of α has a generating tuple of the form (g1c1, . . . , gtct, z1, . . . , zu)
where
• t is the minimum number of generators of the projection of Gω to G/G
′,
• (g1, . . . , gt) is a fixed lift in G of a standard generating tuple of the projection
of Gω to G/G
′,
• (z1, . . . , zu) is a fixed generating tuple of Gω ∩G
′, and
• (c1, . . . , ct) is a variable t-tuple of elements of G
′.
It follows that the length ℓ of the orbit of Gω under 〈α〉 satisfies
ℓ 6 |G′|t 6 |G′|d 6 n2n
3d.
Set γ := αℓ. Then γ stabilises Gω, whence γ ∈ Autperm(G), and
n = |Autperm(G)| > ord(α
ℓ) >
ord(α)
ℓ
>
Exp(G/G′)1/(4n+4)
2n
1
2
n3d(5+d+4n3 log2 n)
.
This implies that
Exp(G/G′) 6 16n+1n2n
3d(5+d+4n3 log2 n)+4n+4,
which is the desired upper bound on Exp(G/G′).
We can now conclude the proof as follows: Note that G/G′ is abelian, and since
G is d-generated, so is G/G′. It follows that
|G : G′| 6 Exp(G/G′)d 6 16(n+1)dn2n
3d2(5+d+4n3 log2 n)+4nd+4d,
and thus, using Formula (2),
|G| = |G′| · |G : G′| 6 n2n
3
· 16(n+1)dn2n
3d2(5+d+4n3 log2 n)+4nd+4d = f(d, n),
as required.
Now that we have verified Lemma 5.2, we are ready to prove Theorem 1.1(3).
Proof of Theorem 1.1(3). As in the proof of Theorem 1.3, we have |Autperm(G)| 6
cd, and the result follows from Lemma 5.2, using the monotonicity of the function f
in its second variable.
6 Proof of Theorem 1.1(4)
The proof is by contradiction – let G 6 Sym(Ω) be an insoluble finite transitive
permutation group, and assume that maolperm(G) 6 23. In particular, the maximum
conjugacy class length in G is at most 23. Therefore, the arguments from [5, Section
6] show that ζG = Rad(G), that G′ ∼= Alt(5) and that G = ζG × G′. Fix a point
ω ∈ Ω, and consider the point stabiliser Gω 6 G. Since Gω is core-free in G, we have
Gω ∩ ζG = {1G}, so that Gω embeds into G
′ ∼= Alt(5) via the canonical projection
G→ G/ζG. Denote by P the image of Gω under the canonical projection G→ G/G
′,
which we may and will view as a subgroup of ζG. We now note three important facts:
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(1) CAut(ζG)(P ) is trivial. Assume otherwise. Note that CAut(ζG)(P ) × Inn(G
′)
embeds naturally into Autperm(G) via the injective group homomorphism
ι : (α, β) 7→ ((z, c) 7→ (zα, cβ))
for all α ∈ CAut(ζG)(P ), β ∈ Inn(G
′), z ∈ ζG, c ∈ G′,
which has the property that if β is the conjugation by c0 ∈ G
′, then G
ι(α,β)
ω =
Gc0ω , a G-conjugate of Gω. Therefore, and since G
′ ∼= Alt(5) has a conjugacy
class of length 20, it follows that maolperm(G) > 2 · 20 = 40 > 23, a contradic-
tion.
(2) |P | > 1. Otherwise, we have Gω 6 G
′ ∼= Alt(5), and since there is ex-
actly one conjugacy class of subgroups of G′ that are isomorphic to Gω, we
find that Aut(G′) embeds naturally into Autperm(G) by Lemma 2.2.2, whence
maolperm(G) > maol(G
′) = maol(Alt(5)) = 24 > 23, a contradiction.
(3) P is a quotient of Gω/G
′
ω. This is clear since P is by definition an abelian
quotient of Gω.
We will now go through the finitely many possible (abstract group) isomorphism
types of Gω and reduce the proof of Theorem 1.1(4) to checking a finite list of
possibilities for (G,Gω), which are listed in Table 1 below.
(1) Case: Gω ∼= Alt(5) or |Gω| = 1. Then Gω/G
′
ω is trivial, whence P is trivial by
fact (3) above. However, this contradicts fact (2).
(2) Case: Gω ∼= Alt(4) or Gω ∼= Z/3Z. Then Gω/G
′
ω
∼= Z/3Z, whence P ∼= Z/3Z
by facts (2) and (3) above. Using fact (1) and Lemma 2.2.4, it follows that ζG
is cyclic of order 3 or 6. Hence, up to abstract group isomorphism, the pair
(G,Gω) is one of the possibilities listed in rows 1–4 of Table 1.
(3) Case: Gω ∼= Z/5Z. Then Gω/G
′
ω
∼= Z/5Z, whence P ∼= Z/5Z by facts (2) and
(3) above. Using fact (1) and Lemma 2.2.4, it follows that ζG is cyclic of order
5 or 10. Hence, up to abstract group isomorphism, the pair (G,Gω) is one of
the possibilities listed in rows 5 and 6 of Table 1.
(4) Case: Gω is isomorphic to one of D10, Sym(3) or Z/2Z. Then Gω/G
′
ω
∼= Z/2Z,
whence P ∼= Z/2Z by facts (2) and (3) above. Using fact (1) and Lemma 2.2.4,
it follows that ζG = P ∼= Z/2Z. Hence, up to abstract group isomorphism, the
pair (G,Gω) is one of the possibilities listed in rows 7–9 of Table 1.
(5) Case: Gω ∼= (Z/2Z)
2. Then Gω/G
′
ω
∼= (Z/2Z)2, whence by facts (2) and (3)
above, either P ∼= Z/2Z or P ∼= (Z/2Z)2. In either case, we have ζG = P by
fact (1) and Lemma 2.2.4. Therefore, up to abstract group isomorphism, the
pair (G,Gω) is one of the possibilities listed in rows 10 and 11 of Table 1.
We now give Table 1, which not only lists the 11 remaining possibilities for (G,Gω)
extracted from the above arguments, but also specifies the value of maolperm(G) in
each case, which was computed using GAP [14]. Since maolperm(G) > 23 throughout,
the proof of Theorem 1.1(4) is complete.
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row no. G Gω maolperm(G)
1 Z/3Z×Alt(5) 〈(1, (1, 2, 3))〉 48
2 Z/6Z×Alt(5) 〈(2, (1, 2, 3))〉 48
3 Z/3Z×Alt(5) 〈(0, (1, 2)(3, 4)), (1, (1, 2, 3))〉 40
4 Z/6Z×Alt(5) 〈(0, (1, 2)(3, 4)), (2, (1, 2, 3))〉 40
5 Z/5Z×Alt(5) 〈(1, (1, 2, 3, 4, 5))〉 80
6 Z/10Z× Alt(5) 〈(2, (1, 2, 3, 4, 5))〉 80
7 Z/2Z×Alt(5) 〈(1, (1, 2)(3, 4))〉 24
8 Z/2Z×Alt(5) 〈(0, (1, 2, 3)), (1, (2, 3)(4, 5))〉 24
9 Z/2Z×Alt(5) 〈(0, (1, 2, 3, 4, 5)), (1, (2, 5)(3, 4))〉 24
10 Z/2Z×Alt(5) 〈(0, (1, 2)(3, 4)), (1, (1, 3)(2, 4))〉 24
11 (Z/2Z)2 × Alt(5) 〈((1, 0), (1, 2)(3, 4)), ((0, 1), (1, 3)(2, 4))〉 72
Table 1: The remaining possibilities for (G,Gω)
7 Concluding remarks
We conclude this paper with some related open questions for further research. Firstly,
as mentioned in Section 5, our Lemma 5.2 is a partial generalisation (from finite ab-
stract groups to finite transitive permutation groups) of a celebrated theorem of Le-
dermann and Neumann, [22, Theorem 6.6]. The following question asks whether Le-
dermann and Neumann’s theorem can be extended to transitive permutation groups
in its full strength:
Question 7.1. Is there an (explicit) function f : N+ → N+ such that for every finite
transitive permutation group G, one has |G| 6 f(|Autperm(G)|)?
Another interesting question is whether Robinson and Wiegold’s structural char-
acterisation [25, Theorem 1] can be extended to transitive permutation groups:
Question 7.2. Let G be a (not necessarily finite) transitive permutation group. Is
it true that the following are equivalent?
(1) The supremum of the Autperm(G)-orbit sizes on G is finite.
(2) The torsion subgroup T of ζG is finite and Autperm(G) induces a finite group
of automorphisms in G/T .
It would also be interesting to investigate to what extent Theorem 1.1 can be
generalised to arbitrary (not necessarily transitive) permutation groups G of finite
degree. For example, even under the assumption that maolperm(G) = 1, there are
infinitely many such G up to permutation group isomorphism (any finite-degree per-
mutation group G of order 2 is an example), but the following is still an interesting
question:
Question 7.3. Can the finite-degree permutation groups G with maolperm(G) 6 3 be
classified, and are they of bounded order?
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We finish with the following question about extending the results of [5] to another
natural setting.
Question 7.4. Let G 6 GL(d, q) and let Autlinear(G) be the subgroup of Aut(G)
induced by the conjugation action of NGL(d,q)(G) on G. Is it possible to classify all
groups G for which all orbits of Autlinear(G) have length at most three?
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